Abstract. Let π : X → M be a holomorphic fibration over a compact complex manifold M with compact fibers, L be a relative ample line bundle over X . In this paper, we prove that the pair (X , L) is nonlinear semistable if the Donaldson type functional L(·, ψ) is bounded from below and the long time existence of the flow (0.1). For the case of trωc(φ) ≥ 0, we give a sufficient condition deg ω π * (L + K X /M ) = 0 for the existence of geodesic-Einstein metric. We also introduce the definitions of S-class and C-class inspired by the Segre class and Chern class, and find two inequalities in terms of S-forms and C-forms if there exists a geodesicEinstein metric. If L is ample, the positivity of S-forms is proved. If moreover, the line bundle L admits a geodesic-Einstein metric and dim M = 2, the second C-class C2(L) is proved to be numerical positive. We also prove the equivalence between the geodesic-Einstein metrics on a relative ample line bundle and the Hermitian-Einstein metrics on a quasi-vector bundle A 0,0 .
Introduction
Let E be a holomorphic vector bundle over a compact Kähler manifold (M, ω). A Hermitian metric h on E is called a Hermitian-Einstein metric if Λ ω F h = λId for some constant λ. Here F h =∂(∂h · h −1 ) ∈ A 1,1 (M, End(E)) denotes the Chern curvature of the Hermitian metric h. The famous Donaldson-Uhlenbeck-Yau Theorem reveals the deep relationship between the stability of a holomorphic vector bundle and the existence of Hermitian-Einstein metrics (see [13, 14, 15, 27, 35] ). On the other hand, for any holomorphic vector bundle E, there is a canonical projective bundle pair (P (E), O P (E) (1)) associated with it. A geodesic-Einstein metric φ on O P (E) (1) is a metric satisfying the geodesic-Einstein equation tr ω c(φ) = λ X ,O P (E) (1) (see Definition 1.2) . In this case, a geodesic-Einstein metric is same as a Finsler-Einstein metric by the natural one-to-one correspondence between a Finsler metric on E and a metric on the tautological line bundle O P (E) (−1) (see e.g. [24, page 82] ). Combining with [19, Theorem 0.3] , it shows that the existence of geodesic-Einstein metrics is equivalent to the existence of Hermitian-Einstein metrics, which is also equivalent to polystability of the holomorphic vector bundle by the Donaldson-Uhlenbeck-Yau Theorem. In the sense of this, we may identify a Hermitian-Einstein vector bundle E with a projective bundle pair (P (E), O P (E) (1)) of which admits a geodesic-Einstein metric. Now we consider a general holomorphic fibration (or complex analytic family) π : X → M over a compact complex manifold M with compact fibers, which we mean that π : X → M is a proper surjective holomorphic mapping between complex manifolds X and M whose differential has maximal rank everywhere such that every fiber is a compact complex manifold (see [23, Definition 2.8] ), L is a relative ample line bundle over X . One can also define a geodesic-Einstein metric φ by tr ω c(φ) = λ X ,L for φ ∈ F + (L). Here F + (L) denotes the space of all smooth metrics φ such that √ −1∂∂φ| π −1 (y) > 0 for any y ∈ M . From the above discussions, one sees that the pair (X , L) with a geodesic-Einstein metric on L is a natural generalization of Hermitian-Einstein vector bundles. It is well-known that there are many interesting results on the Hermitian-Einstein vector bundles. For example, the KobyashiLübke inequality [24, Theorem 4.4.7] , the equivalence of the approximate Hermitian-Einstein structure and semistability [22, 25] , the long times existence of Hermitian-Yang-Mills flow [14, Proposition 20] , and so on. Thus, it is natural to ask whether these similar results hold for a general pair (X , L) with admitting a geodesic-Einstein metric on L. This is also the motivation for the authors to study this topic around the geodesic-Einstein metrics.
Inspired by the Hermitian-Yang-Mills flow [2, 14] , for any initial metric φ 0 ∈ F + (L) where λ is the constant given by (1.4), m = dim M . Here E(φ, ψ) and E 1 (φ, ψ) are defined by (2.1) and (2.2) . By a direct calculation, the critical points of L(·, ψ) is exactly the geodesicEinstein metrics. If we assume that the flow (0.1) has a smooth solution φ(t) for 0 ≤ t < +∞. Then we have the following proposition.
Proposition 0.2 (=Proposition 2.6). Suppose that the flow (0.1) has a smooth solution φ t = φ(t) for 0 ≤ t < +∞, then ( 
1) The Donaldson type functional is a monotone decreasing function of t; in fact,
Now we recall the definition of nonlinear semistable of a pair (X , L). A fibration Y → M −S, with S a closed subvariety in M of codimS ≥ 2, is called a sub-fibration of the holomorphic fibration X → M if for any p ∈ M − S, the fiber Y p is a closed complex submanifold of the fiber X p . Let F be the set of sub-fibrations of the holomorphic fibration X → M . For any Y ∈ F, we set
Note that λ Y,L is well-defined and independent of the metrics on L by Stokes' theorem and codimS ≥ 2. Similar to the semistability of a holomorphic vector bundle, a pair (X , L) is called
We also call that L admits an approximate geodesic-Einstein structure if for any given ǫ > 0, there exists an metric φ ǫ on L such that
By Proposition 0.2, we get the following Theorem. We aslo introduce the S-classes and C-classes, which is inspired by the definitions of Segre classes and Chern classes. More precisely, for a general pair (X , L), π : X → M , we define the total S-class and the S-classes of L by
and the total C-class and the C-classes are defined by
By the Grothendieck-Riemann-Roch Theorem, we have
(see Proposition 4.1). We also study the inequalities in terms of C-forms and S-forms if there exists a geodesic-Einstein metric. (
the equality holds if and only if
c(φ) = λ X ,L m ω. In particular, M S 2 (L) ∧ [ω] m−2 ≤ (n + 1)(n + 2) 8π 2 m 2 λ 2 X ,L S 0 (L) M [ω] m . (2) If φ is a geodesic-Einstein metric on L, then (nC 1 (L, φ) 2 − 2(n + 1)C 0 (L)C 2 (L, φ)) ∧ ω m−2 ≤ 0,
A smooth (p, p)-form Φ on a complex manifold M is positive if for any y ∈ M and any linearly independent (1, 0)-type tangent vectors v 1 , v 2 , · · · , v p at y, it holds that
If moreover, L admits a geodesic-Einstein metric and dim M = 2, then we get the following numerical positivity.
Corollary 0.7 (=Corollary 4.6). Let M be a compact complex surface and L be an ample line bundle over X , π :
We also consider the Hermitian-Einstein metrics on a quasi-vector bundle. Let π : X → B be a proper holomorphic submersion from a complex manifold X to another complex manifold B (need not compact), each fiber X t := π −1 (t) is an n-dimensional compact complex manifold; E a holomorphic vector bundle over X , E t := E| Xt ; ω a d-closed (1, 1)-form on X and is positive on each fiber, ω t := ω| Xt ; h E is a smooth Hermitian metric on E, h Et := h E | Et . For each t ∈ B, let us denote by A p,q (E t ) the space of smooth E t -valued (p, q)-forms on X t . Denote
and let (A, Γ) denote the corresponding quasi-vector bundle (see Section 6) . There is a natural Chern connection D A on each A p,q with respect the standard L 2 -metric. The L 2 -metric on A p,q is called Hermitian-Einstein with respect to a Hermitian metric
for some constant λ (see Defnition 6.3). Now we consider the case p = q = 0 and E is the trivial bundle. Let L be a relative ample line bundle over X , i.e. there exists a metric φ on L such that its curvature ω := √ −1∂∂φ is positive along each fiber. The L 2 -metric on A 0,0 is given by
We call a metric φ on L is weak geodesic-Einstein with respect to ω B if tr ω B c(φ) = π * f (z) for some function f (z) on B. This article is organized as follows. In Section 1, we recall some basic definitions and facts on geodesic-Einstein metrics of a relative ample line bundle over a holomorphic fibration, and also recall Berndtsson's curvature formula of direct image bundles. In Section 2, we will define the flow (0.1) and the Donaldson type functional (0.2), Proposition 0.1, 0.2 and Theorem 0.3 will be proved in this section. In Section 3, by using Berndtsson's curvature formula of direct image bundle, we will prove Theorem 0.4. In Section 4, we will give the definitions of S-class and C-class and prove (0.3), Theorem 0.5, Proposition 0.6 and Corollary 0.7. In Section 5, we will discuss some examples around geodesic-Einstein metrics. In Section 6, we will give the equivalence between the geodesic-Einstein metric on a relative ample line bundle and the Hermitian-Einstein metric on a quasi-vector bundle, and prove Proposition 0.8.
Preliminaries
In this section, we will recall some basic definitions and facts on geodesic-Einstein metrics of a relative ample line bundle over holomorphic fibration, and also recall Berndtsson's curvature formula of direct image bundles. For more details one may refer to [3, 4, 5, 19, 37] .
Let π : X → M be a holomorphic fibration over a compact complex manifold M with compact fibers. We denote by (z; v) = (z 1 , · · · , z m ; v 1 , · · · , v n ) a local admissible holomorphic coordinate system of X with π(z; v) = z, where
For any smooth function φ on X , we denote
For any holomorphic line bundle L over X , we denote by F + (L) the space of smooth metrics φ on L with
for any point y ∈ M . Now we assume that L is a relative ample line bundle, i.e.
where N k α = φ αj φj k . By a routine computation, one can show that { δ δz α } 1≤α≤m spans a well-defined horizontal subbundle of T X (see [19, Section 1] ).
Let {dz α ; δv k } denote the dual frame of
Moreover, the differential operators
For any φ ∈ F + (L), the geodesic curvature c(φ) is defined by
which is a horizontal real (1, 1)-form on X . The following lemma confirms that the geodesic curvature c(φ) of φ is indeed well-defined.
Proof. This is a direct computation,
From [19, Definition 1.2], the geodesic-Einstein metric is defined as follows.
where λ is a constant. By [19, Proposition 1.3] , if M is compact, λ is a topological quantity, which is given by
and define the following L 2 -metric on the direct image bundle
Note that u can be written locally as u = u ′ dv ∧ e, where e is a local holomorphic frame for L| X , and so locally
where dv = dv 1 ∧ · · · ∧ dv n is the fiber volume. We denote
The following theorem was proved by Berndtsson in [5, Theorem 1.2], its proof also can be seen in [19, Theorem 3.1] .
Here ∆ ′ = ∇ ′ ∇ ′ * + ∇ ′ * ∇ is the Laplacian on L| Xy -valued forms on X y defined by the (1, 0)-part of the Chern connection on L| Xy .
A flow and nonlinear semistable
For any fixed metric ψ ∈ F + (L) on L and any φ ∈ F + (L), one can define the following two functionals E, E 1 :
and
Note that E(φ, ψ) is a smooth function, while
where λ is the constant given by (1.4). Let φ t be a smooth family of metrics depends on t, then the first variation of Donaldson type function is given by
In order to make
for an initial metric φ 0 ∈ F + (L). For the convenience, we also denoteφ t := ∂φ ∂t andφ t = ∂ 2 φ ∂t 2 . 2.1. Some properties of the flow. In this subsection, we will study some properties of the flow (2.5) by using the method of studying Kähler-Ricci flow (see e.g. [10, 34] ).
For any smooth function f ∈ C ∞ (X ), we denote the horizontal and vertical Laplacian by
respectively. The following proposition is a maximum (minimum) principle for degenerate parabolic elliptic equations. Its proof is the same as [10, Proposition 3.1.7], for reads' convenience, we give a proof here.
Proof. For any T 0 ∈ (0, T ) and any ǫ > 0, set
attains its maximum at (x 0 , t 0 ) with t 0 > 0, by maximum principal (see also [10, Proposition 3.1.6]), one has at the point (x 0 , t 0 )
It follows that
at (x 0 , t 0 ). From (2.9) and (2.10), one has
which is a contradiction. Hence the maximum of f ǫ is achieved at t 0 = 0 and
By above proposition, we can prove the uniqueness of the solutions of the flow (2.5).
Proposition 2.2. If φ(t) and ψ(t) are the two solutions of the flow (2.5), then φ(t) = ψ(t).
Proof. We assume that T max is the maximum existence time and let τ < T max . Let φ(t) and ψ(t) be the two solutions with the same initial metric φ 0 . Then
δ ψ δz α ) the horizontal lifts with respect to φ (resp. ψ), which are given by (1.1). Then at the point (x, t), one has 14) where the fourth equality holds by Lemma 1.1 and noting that
δz β is a vertical vector, the last inequality follows from φ ∈ F + (L).
Substituting (2.14) into (2.13) we get a contradiction. So the maximum of φ − ψ − ǫt is taken at t = 0, i.e. max
Therefore, ψ(t) = φ(t).
Also by Proposition 2.1, we obtain the following estimates.
Proposition 2.3. Along the flow (2.5), one has
for some constant C > 0.
Proof. By Lemma 1.1 and (2.5), one has
Taking derivative on t to the both sides of above equation, then
From (2.17) and (2.18), one has
From Proposition 2.1, one has
Remark 2.4. If the total space X is a projective bundle and L is a hyperplane line bundle over X , then this flow (2.5) has been studied in [36] . More precisely, let E → M be a holomorphic vector bundle over M , X := P (E) denotes the projective bundle of E, and L = O P (E) (1) the hyperplane line bundle. Let h be a Hermitian metric on E, then it induces a metric on the line bundle L = O P (E) (1) by
∂v i ∂v j = h ij is independent of the fibers. Suppose that the initial metric φ 0 is induced from a Hermitian metric h 0 on E, then the flow (2.5) is equivalent to 
which is exactly the Hermitian-Yang-Mills flow (cf. [2, 14] ), where the cuvature operator F is defined by
So the flow (2.5) is indeed a natural generalization of Hermitian-Yang-Mills flow. By [14, Proposition 20] , the Hermitian-Yang-Mills flow (2.24) has a unique smooth solution for 0 ≤ t < +∞. Immediately, one natural and interesting problem is that whether the flow (2.5) has a smooth solution for 0 ≤ t < +∞.
Nonlinear semistable.
In this subsection, we will assume that the flow (2.5) has a smooth solution for 0 ≤ t < +∞ and consider nonlinear semistability of a pair (X , L) (see Definition 2.7). Firstly, we recall the definition of nonlinear semistable. A fibration Y → M − S, with S a closed subvariety in M of codimS ≥ 2, is called a sub-fibration of the holomorphic fibration X → M if for any p ∈ M − S, the fiber Y p is a closed complex submanifold of the fiber X p . Let F be the set of sub-fibrations of the holomorphic fibration X → M . For any Y ∈ F, we set
Note that λ Y,L is well-defined and independent of the metrics on L by the Stoke's theorem and codimS ≥ 2. Similar to the semistability of a holomorphic vector bundle, the nonlinear semistable of a pair (X , L) is given by the following.
Now we assume that the flow (2.5) has a smooth solution for 0 ≤ t < +∞, we obtain Proposition 2.6. Suppose that the flow (2.5) has a smooth solution φ t = φ(t) for 0 ≤ t < +∞, then
Proof.
(1) Substituting the flow equation (2.5) into the first variation (2.4) of the Donaldson type functional, one has
(2) By a direct calculation, one has
where the last equality holds by (2.19) . By Proposition 2.1, we complete the proof. 
Since the L is bounded below by a constant independent of s, we have
In particular,
Let H(z, w, t) be the heat kernel for ∂ t − △ ω when acting on C ∞ (M ). Set
Fix t 0 ∈ [0, ∞) and set
Then u(z, t) is of class C ∞ on M × (t 0 , ∞) and extends to a continuous function on
And we have
By (2.19) and Stoke's Theorem, one has
(2.28)
By Proposition 2.1, one has
where C a = max M ×M H(z, w, a). Fix a and let t 0 → ∞, we conclude
which competes the proof.
Inspired by Proposition 2.6 (3), we give the following definition of approximate geodesicEinstein structure, which is similar as the approximate Hermitian-Einstein structure for a holomorphic vector bundle (see e.g. [24, Section 4.5]). Definition 2.7. We say that L admits an approximate geodesic-Einstein structure, if for any given ǫ > 0, there exists an metric φ ǫ on L such that
By Proposition 2.6 (3) and above definition, we obtain the following theorem.
Theorem 2.8. Suppose that the flow (2.5) has a smooth solution for 0 ≤ t < +∞, then we have implications (1) ⇒ (2) ⇒ (3) for the following statements:
(1) the functional L is bounded from below; (2) L admits an approximate geodesic-Einstein structure; (3) the pair (X , L) is nonlinear semistable.
Proof. By Proposition 2.6 (3) and Definition 2.7, then L admits an approximate geodesicEinstein structure. Now we begin to prove that a pair (X , L) is nonlinear semistable if L admits an approximate geodesic-Einstein structure. In fact,
where the last inequality holds by 3. The case of tr ω c(φ) ≥ 0
In this section, we assume that there exists a metric φ on L such that
For any given φ ∈ F + (L) and the natural frame { ∂ ∂z α , 1 ≤ α ≤ m} of T M , one sees that there is canonical liftings { δ δz α , 1 ≤ α ≤ m}. Thus for any vector X = X α ∂ ∂z α | y ∈ T y M at a point y ∈ M , there is a canonical lifting
which is a vector field on X y = π −1 (y). We call the canonical lifting X is holomorphic if
For any holomorphic vector bundle E over M , the degree of E is denoted Proof. We first prove the last argument. If tr ω c(φ) ≥ 0, by the definition of λ X ,L (see (1.4)), then
the equality holds if and only if tr ω c(φ) = 0. Thus φ is a geodesic-Einstein metric on L if tr ω c(φ) ≥ 0 and λ X ,L = 0.
Denote E = π * (L + K X /M ). By Theorem 1.3 and taking trace with respect to ω, one has
Combining the assumption tr ω c(φ) ≥ 0 shows that
By taking trace to tr ω Θ E and using (3.6), one gets
Therefore, 
and for any canonical liftingX, one has .10) i.e., X is holomorphic. So we complete the proof. In our next paper, we will try to study the above two equations (3.11) and (3.12).
S-class and C-class
In this section, we will define the total S-class S(L) and the total C-class C(L) for a relative ample line bundle L and discuss some inequalities and positivity.
Let π : E → M be a holomorphic vector bundle of rank r over M , then there is a canonical pair (P (E), O P (E) (1)). The Segre classes are defined by
Then the total Segre class is given by
The total Chern class and Chern classes of E can be defined by
(see e.g. [20, Chapter 3] or [8, Section 20] ).
Inspired by the above construction, for a general pair (X , L), π : X → M , we define the total S-class and the S-classes of L by
By above definition, one has
Proposition 4.1. So from the Grothendieck-Riemann-Roch Theorem and Kodaira vanishing theorem, one gets
Thus we obtain .9) 4.1. Some inequalities. In this subsection, we assume that there exists a geodesic-Einstein metric on L and discuss some inequalities in terms of S-class and C-class.
For any smooth metric φ on L, it induces a natural representation of S i (L) by
and set S(L, φ) = m i=0 S i (L, φ). By the relation (4.5), we obtain the representations of C(L),
We call S i (L, φ) and C i (L, φ) the S-form and C-form, respectively. If L admits a geodesicEinstein metric, then we obtain
the equality holds if and only if
Proof. By Lemma 1.1, the first Chern class of L is represented by
2π φ ij δv i ∧ δv j and by (4.10), then 14) where the third equality follows from the following formula, 
m ω. By integrating the both sides of (4.12), we conclude (4.13).
In terms of C-classes, we have the following Kobayashi-Lübke type inequality.
the equality holds if and only if c(φ)
Proof. By (4.6) and (4.15), one has
From (4.20) and (4.21), we have
For any p ∈ M and taking the normal coordinate system near p with g αβ = δ αβ , then
where the last inequality follows from Cauchy-Schwarz inequality. Thus,
which proves (4.18). Moreover, the equality holds if and only if (c(φ) αβ ) is constant along each fiber by Cauchy-Schwarz inequality, which is equivalent to
By taking integrate the both sides of (4.18) over M , we obtain the topological inequality (4.19).
Remark 4.4. For the case of holomorphic vector bundle E → M , the geodesic-Einstein metric is equivalent to Finsler-Einstein metric (see [19, Lemma 3.6] 
Positivity of classes.
In this subsection, we will discuss the positivity of S-classes and C-classes. Reacall a smooth (p, p)-form Φ on a complex manifold M is positive if for any y ∈ M and any linearly independent (1, 0)-type tangent vectors v 1 , v 2 , · · · , v p at y, it holds that
on horizontal directions. For any (z 0 , v 0 ) ∈ X , there exists a basis {ψ 1 , · · · , ψ n } such that (4.26) and so for k ≥ 1,
Hence for any independent horizontal vectors X 1 , · · · , X k at (z 0 , v 0 ), one has
On the other hand, by Lemma 1.1, by (4.28), one has
For any z 0 ∈ M and any linearly independent (1, 0)-type tangent vectors
where Y h denote the horizontal lifting along the fibre 30) where the last inequality follows from Theorem 4.5. 
Some examples
In this section, we will discuss some examples on the geodesic-Einstein metrics.
Example 5.1 (Product manifolds). Let X and M be two compact complex manifolds and consider the holomorphic fibration π 1 : M × X → M . For any line bundle L 1 over M and any ample line bundle L 2 over X, then the line bundle L := π * 1 L 1 + π * 2 L 2 over X × M admits a geodesic-Einstein metric with respect to any given Kähler metric ω on M , where π 2 : M × X → X. In fact, for any Kähler metric ω on M , we take a Hermitian-Einstein metric ϕ 1 on L 1 , i.e. tr ω ( √ −1∂∂ϕ 1 ) = constant, and take a metric ϕ 2 on L 2 such that √ −1∂∂ϕ 2 > 0. Therefore, ϕ = π * 1 ϕ 1 + π * ϕ 2 is a metric on L and its curvature is ∂∂ϕ = π * 1 ∂∂ϕ 1 + π * 2 ∂∂ϕ 2 . So L is a relative ample line bundle and
Example 5.2 (Ruled manifolds). An algebraic manifold X is said to be a ruled manifold if X is a holomorphic P r -bundle with structure group P GL(r + 1, C) = GL(r + 1, C)/C * (see e.g. [1, Section 4.2]). By [1, Proposition 4.3] , every ruled manifold X over a compact Riemann surface M is holomorphically isomorphic to P (E) for some holomorphic vector bundle E → M of rank(E) = r + 1. Such a bundle E is uniquely determined up to tensor product with a holomorphic line bundle. Since Pic(P (E)) = Pic(M ) ⊕ ZO P (E) (1), so any line bundle L over P (E) is the form L := π * L 1 + kO P (E) (1) for some line bundle L 1 over M and k ∈ Z. Moreover, L is relative ample if and only if k > 0. If there exists a Hermitian-Einstein metric on E, then L can admit a geodesic-Einstein metric. In fact, by a direct calculate, any Hermitian-Einstein metric on E induces a natural geodesic-Einstein metric on O P (E) (1), so is kO P (E) (1). Similar as Example 5.1, the geodesic-Einstein metric on kO P (E) (1) and the Hermitian-Einstein metric on L 1 give a geodesic-Einstein metric on L.
Example 5.3 (Geodesic curve). From Definition 1.2, one can allow M is a non-compact manifold. Now we assume that M is a Riemann surface with boundary and X = X × M for some compact complex manifold X, the line bundle L → X is taken to be the pullback of some ample line bundle over X. Then tr ω c(φ) = 0 is equivalent to c(φ) = 0, which is also equivalent to ( √ −1∂∂φ) n+1 = 0 (see [16, 31] ). As seen in [11, Section 2.3] or [26, Section 3] , one can define a Riemannian metric on the space of Kähler ptentials in a fixed Kähler class, which is a infinite dimensional manifold and equipped a L 2 -norm, then its geodesic equation is exactly the equation c(φ) = 0. By [11, Theorem 3] , the following equation 
The above equation is studied in [28, 32] by using the following parabolic flow 
which is the Euler equation of J-functional (see [17] 
for some constant c. Following [7] , let π : X → M be a holomorphic, polarized family of Calabi-Yau manifolds X s = π −1 (s), s ∈ M , i.e. compact manifolds with c 1 (X s ) = 0, equipped with Ricci flat Kähler forms ω Xs . The relative volume form ω n X /M = gdV induces a hermitian metric g −1 on the relative canonical bundle K X /M . By [7, Formula (1) ], one has
Now we take L = K X /M , φ = log g and for any Kähler metric ω on M . By (5.7), one easily sees that the metric φ satisfies the equation (5.6), i.e., φ is a geodesic-Einstein metric on L.
Appendix: Hermitian-Einstein metrics on quasi-vector bundles (By Xu Wang)
In this section, we will prove that the geodesic-Einstein metric is equivalent to a HermitianEinstein metric on a quasi-vector bundle. For more details on quasi-vector bundle, one can refer to [6, 38] .
Following [6, 38] , we shall use the following setup:
(1) π : X → B is a proper holomorphic submersion from a complex manifold X to another complex manifold B, each fiber X t := π −1 (t) is an n-dimensional compact complex manifold; (2) E is a holomorphic vector bundle over X , E t := E| Xt ; (3) ω is a d-closed (1, 1)-form on X and is positive on each fiber, ω t := ω| Xt ; (4) h E is a smooth Hermitian metric on E, h Et := h E | Et .
Definition 6.1 ([6] ). Let V := {V t } t∈B be a family of C-vector spaces over B. Let Γ be a C ∞ (B)-submodule of the space of all sections of V . We call Γ a smooth quasi-vector bundle structure on V if each vector of the fiber V t extends to a section in Γ locally near t.
For each t ∈ B, let us denote by A p,q (E t ) the space of smooth E t -valued (p, q)-forms on X t . Consider A p,q := {A p,q (E t )} t∈B , and denote by A p,q (E) the space of smooth E-valued (p, q)-forms on X . Let us define Γ p,q := {u : t → u t ∈ A p,q (E t ) : ∃ u ∈ A p,q (E), u| Xt = u t , ∀t ∈ B}.
We call u above a smoooth representative of u ∈ Γ p,q , each Γ p,q defines a quasi-vector bundle structure on A p,q . Denote
Definition 6.2. The Lie-derivative connection, say ∇ A , on (A, Γ) is defined as follows:
where d E :=∂ + ∂ E denotes the Chern connection on (E, h E ) and each V j is the horizontal lift of ∂/∂t j with respect to ω.
Let D A denote the connection on each (V p,q , Γ p,q ) induced by ∇ A , 
The L 2 -metric on each A p,q is defined by We call a metric φ on L is weak geodesic-Einstein with respect to ω B if tr ω B c(φ) = π * f (z) for some function on B. Proof. By (6.2) and noting that p = q = 0, E is trivial, one has 
